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compact Riemannian manifolds
Mohammed Benalili
Abstract. We show the existence of nodal solutions to perturbed quasi-
linear elliptic equations with critical Sobolev exponent on compact Rie-
mannian manifolds. A nonexistence result is also given.
1. Introduction
In this paper we investigate nodal solutions to quasilinear elliptic equa-
tions involving terms with critical growth on compact manifolds. Nodal
solutions to scalar curvature type equation has been the subject of investi-
gation by various authors. Among them, we cite D. Holcman[8], A. Jourdain
[9], Z. Djadli and A. Jourdain[5]. This work is an extension to a previous
one by Z. Djadli and A. Jourdain[5] where the authors studied the case of
the Laplacian. We use variational methods based on the Mountain Pass
Theorem as done in H. Brezis and L. Nirenberg [3] and some ideas due to
H. Hebey regarding isometry concentration. We approach the problem via
subcritical exponents, an idea originated by Yamabe. A non existence re-
sult of nodal solution based on a Pohozahev type identity is also given. Let
(M,g) be a smooth compact Riemannian manifold n ≥ 3, with or without
boundary ∂M and p ∈ (1, n). We use the notations of [5], let
W 1,p(M) =
{
Hp1 (M) if ∂M = φ
o
Hp1 (M) if ∂M 6= φ
where Hp1 (M) is the completion of C
∞(M) with respect to the norm
‖u‖1,p = ‖∇u‖p + ‖u‖p
and
o
Hp1 (M) is the completion of C
∞
o (M) with respect to the same norm.
Let G be a subgroup of the isometry group of (M,g) denoted Isom(M).
We assume that G is compact. We also consider τ an involutive isometry of
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(M,g) that is an element of Isom(M) such that τoτ = idM . For x a point
of M , we denote by OG(x) the orbit of x under the action of G. We say
that G and τ commute weakly if for every x ∈ M , τ(OG(x)) = OG(τ(x)).
We also say that the fixed points of τ splits M into two domains Ω1 and Ω2
stable under the action of G if
(i) M = Ω1 ∪ Ω2 ∪̥, with Ω1 ∩ Ω2 = φ and mes(̥) = 0.
(ii) τ(Ω1) = Ω2 , and ∀σ ∈ G, ∀ i = 1, 2 σ(Ωi) = Ωi
where̥ denotes the set of the fixed points of τ , that is̥ = {x ∈M : τ(x) = x} .
We say that a function u ∈ W 1,p(M) is τ - antisymmetric if uoτ = −u a.e
and G-invariant if for all σ ∈ G, uoσ = u a.e. In what follows, we denote
by Card the cardinality of a set. We say that an operator L defined on
W 1,p(M) is coercive on a subspace X of W 1,p(M) if there exists a positive
real Λ such that for all u ∈ X,∫
M
L(u)udvg ≥ Λ ‖u‖
p
1,p .
Let a, f , h be smooth functions on M , and p∗ = np
n−p , q ∈ (p− 1, p
∗− 1), we
consider the following equation
(1) ∆pu+ a |u|
p−2 u = f |u|p
∗−2 u+ h |u|q−1 u
with in caseM has a boundary u = 0 on ∂M ; where ∆pu = −divg(|∇u|
p−2∇u).
Under assumptions which will be precise later, we investigate nodal solutions
of equation(1). By definition, a function u ∈ W 1,p(M) is said to be a weak
solution of the equation(1) if u satisfies (1) in the distribution sense.
We say that the functions a, f , h satisfy the conditions (C) at an interior
point xo of M if
(i) 1 < p < 2 a(xo) < 0
(ii) p = 2 4(n−1)
n−2 a(xo)− Scal(xo) + (n− 4)
∆f(xo)
f(xo)
< 0
(iii) 2 < p < n2
∆f(xo)
f(xo)
< p
n−3p+2scal(xo).
(iv) For all 1 < p < n, h(xo) = 0 and ∆h(xo) ≤ 0.
We set N = p∗ − 1 and let q ∈ (p − 1, N).Our main result in this paper
reads as
Theorem 1. Let G be a compact subgroup of the isometry group of (M,g),
n ≥ 3, τ an involutive isometry of (M,g) such that G and τ commute weakly.
Let a, f and h be three smooth G-invariant and τ -invariant functions.
We assume that:
(1) The operator ϕ → ∆pϕ + a |ϕ|
p−2 ϕ is coercive on the space H ={
u ∈W 1,p(M) : u is G-invariant and τ -antisymetric
}
(2) f is positive on M and attains its maximum at an interior point xo
such that τ(OG(xo)) ∩OG(xo) = φ
(3) The functions a, f , h satisfy the condition(C) at xo.
Then equation(1) possesses a nodal solution u ∈ C1,α(M) which is G-
invariant and τ -antisymmetric. Moreover, if we assume that the set ̥ of
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fixed points of τ splits M into two domains Ω1and Ω2 stable under the action
of G, we can choose u such that the zero set of u is exactly ̥ ∪ ∂M .
2. A generic theorem of existence
First we give a regularity and a strong maximum results adapted to the
context of manifolds from those of Tolksdorf [14], Guedda-Veron [7] and
Vasquez [15] when dealing with Euclidian context. These results are also
given by Druet [6] in the context of compact manifolds without boundary.
The proofs are similar and based on Moser’s iteration scheme.
Theorem 2. (C1,α−regularity) Let (M,g) be a compact Riemannian n-
manifold with or without boundary, n ≥ 2, p ∈ (1, n).
If u ∈W 1,p (M) is a solution of equation (1) then u ∈ C1,α (M).
Proof. Put
(2) g(x, u) = −a(x) |u|p−2 u+ f(x) |u|p
∗−2 u+ h(x) |u|q−1 u
and
h˜(x) =
g(x, u(x))
1 + |u(x)|p−1
.
Then ∣∣∣h˜(x)∣∣∣ ≤ ‖a‖∞ + ‖f‖∞ |u|p∗−p + ‖h‖∞ |u|q+1−p
where ‖.‖∞ denotes the supremum norm. Since u ∈ W
1,p(M), we have
h˜ ∈ L
n
p (M). The equation(1) reads as follows
(3) ∆pu =
(
1 + |u(x)|p−1
)
h˜.
Following arguments as in Guedda-Veron [7] and Vasquez [15] when dealing
with Euclidian context we first show that any solution u ∈W 1,p(M) belongs
to Lq(M) for every q ∈ [1,∞[ . Let k ≥ 0 and v = inf(|u| , C) where C is
some positive constant.
Multiplying equation(3) by vkp+1 and integrating over M , we get
(4) (kp + 1)
∫
M
|u|kp |∇u|p dvg =
∫
M
sgn(u)h˜
(
1 + |u(x)|p−1
)
vkp+1dvg.
On other hand, we have∣∣∣∇ |u|k+1∣∣∣p = (k + 1)p |u|kp |∇u|p
so the equality (4) writes
(5)
kp + 1
(k + 1)p
∫
M
∣∣∣∇ |u|k+1∣∣∣p dvg = ∫
M
sgn(u)h˜
(
1 + |u(x)|p−1
)
vkp+1dvg.
Using Sobolev’s inequality, we obtain for any fixed ǫ > 0∥∥∥|u|(k+1)∥∥∥p
p∗
= ‖u‖
(k+1)p
(k+1)p∗
4 MOHAMMED BENALILI
≤ (K(n, p)p + ǫ)
∥∥∥∇ |u|k+1∥∥∥p
p
+B ‖u‖
(k+1)p
(k+1)p .
Taking into account the relation(5) and the Ho¨lder’s inequality we get
‖u‖
(k+1)p
(k+1)p∗ ≤ (K(n, p)
p + ǫ)
(k + 1)p
kp+ 1
Ckp+1
(
‖u‖p−1
(p−1)p
∗
p
+ V ol(M)1−
p
n
)∥∥∥h˜∥∥∥
n
p
+B ‖u‖
(k+1)p
(k+1)p
where K(n, p) is the best constant in the Sobolev’s embedding Hp1 (R
n) ⊂
Lp
∗
(M) (see T. Aubin [1] ) and B is a positive constant depending on ǫ.
Now, taking (k + 1)p = p∗ i.e. k = p
n−p , we obtain by the Ho¨lder’s
inequality that
‖u‖p∗(1+ p
n−p
) ≤{
(K(n, p)p + ǫ)
(k + 1)p
kp+ 1
Ckp+1
(
V ol(M)
1
p∗ + V ol(M)1−
p
n
)∥∥∥h˜∥∥∥
n
p
+B
} 1
p∗
×max(1, ‖u‖p∗).
Consequently by a bootstrap arguments we get
u ∈
⋂
1≤q<∞
Lq(M).
Now using the Moser’s iteration scheme we are going to show that u ∈
L∞(M).
With the function g given as in (2), equation(1) reads
(6) ∆pu = g.
For any k > 1, letting t = k + p− 1, we get∥∥∥|u| tp−1∇u∥∥∥p
p
=
∫
M
|t|t−p |∇u|p dvg.
and multiplying equation(6) by |u|kand integrating over M , we obtain∫
M
|u|k∆pudvg = k
∫
M
|∇u|p |u|k−2 udvg
(7) =
∫
M
g |u|k dvg.
Using Sobolev’s inequality, we obtain for any fixed ǫ > 0∥∥∥|u| tp∥∥∥p
p∗
= ‖u‖t
t
p∗
p
= (K(n, p)p + ǫ)
(
t
p
)∥∥∥|u| tp−1∇u∥∥∥p
p
+B ‖u‖tt .
and since ∥∥∥|u| tp−1∇u∥∥∥p
p
=
∫
M
|t|t−p |∇u|p dvg
NODAL SOLUTIONS TO QUASILINEAR ELLIPTIC EQUATIONS... 5
and taking account of (7) we obtain∣∣∣∣∫
M
|u|k∆pudvg
∣∣∣∣ = k ∫
M
|u|k−1 |∇u|p dvg = k
∫
M
|u|t−p |∇u|p dvg
= k
∥∥∥|u| tp−1∇u∥∥∥p
p
≤ ‖g‖s ‖u‖
k
kr
where r, s > 1 are conjugate numbers. 
Consequently
‖u‖t
t
p∗
p
≤ (K(n, p)p + ǫ)
(
t
p
)p
‖g‖s ‖u‖
k
kr +B ‖u‖
t
t
and by Ho¨lder’s inequality we get
‖u‖t
t
p∗
p
≤ (K(n, p)p + ǫ)
(
t
p
)p
‖g‖s ‖u‖
k
rt V ol(M)
p−1
rt
+B ‖u‖trt V ol(M)
1− 1
r .
Then
‖u‖
t
p∗
p
≤
(
t
p
) p
t
V ol(M)
p−1
rt max {(K(n, p)p + ǫ) , B}
×
(
‖g‖s + V ol(M)
(r−1)t−p+1
rt
) 1
t
max(1, ‖u‖trt)
or
(8) ‖u‖
t
p∗
p
≤
(
t
p
) p
t
A
1
t max (1, ‖u‖rt)
where A is a constant independent of t. Now we choose r < p
∗
p
= n
n−p i.e.
s > n
p
which is possible by the first part of the proof.
Proof. Let α > 0 such that r(1 + α) = P
∗
p
and β = 1 + α. Let also
t = βi where i is a positive integer; the recurrent relation(8) writes as
‖u‖rβi+1 ≤
(
βi
p
) p
βi
A
1
βi max
(
1, ‖u‖rβi
)
and recurrently we get
‖u‖rβi+1 ≤ A
Pi
j=1
1
βj
β
p(
Pi
j=1
j
βj
)
p(
∑i
j=1
1
βj
)
max (1, ‖u‖r) .
Now since the series
∑∞
i=1
1
βi
= 1
β−1 and
∑∞
j=1
j
βj
are convergent, we get
that u ∈ L∞(M). At this stage the conclusion follows from theorem of P.
Tolksdorf[14] 
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Theorem 3. (Strong maximum principle) Let (M,g) be a compact Rie-
mannian n-manifold with or without boundary, p ∈ (1, n), and let u ∈
C1o (M) be such that
∆pu+ f (., u) ≥ 0 on M ,
f such that{
f (x, r) < f (x, s) , ∀x ∈M ∀0 ≤ r < s
|f (x, r)| ≤ C
(
K + |r|p−2
)
|r| , ∀ (x, r) ∈M ×R
where C and K are positive constants.
If u ≥ 0 on M and u does not vanish identically, then u > 0 on
int(M) =M − ∂M ..
Let G be a compact subgroup of the isometry group of (M, g) and τ be
an involutive isometry of (M,g). We assume that G and τ commute weakly
for some x1 ∈M , τ(OG(x1)) ∩OG(x1) = φ. Then
H =
{
u ∈W 1,p(M), u is G-invariant and τ − antisymmetric
}
is not trivial. Indeed H contains the test function given in section3.
Denote by 〈G, τ 〉 the subgroup of the isometry group Isom(M,g) gener-
ated byG and τ and byK(n, p) the best constant in the Sobolev’s embedding
of W 1,p(Rn) in L
pn
n−p (Rn).
We consider the following functional J defined on H by
J(ϕ) =
∫
M
{
1
p
|∇ϕ|p + a
1
p
|ϕ|p −
1
p∗
f |ϕ|p
∗
−
1
q + 1
h |ϕ|q+1
}
dvg.
In this section we establish the following generic theorem.
Theorem 4. Let G be a compact subgroup of the isometry group of (M,g),
n ≥ 3, τ an involutive isometry of (M,g) such that G and τ commute
weakly and τ(OG(x1)) ∩OG(x1) = φ for some x1 ∈M . Let also a, f and h
be three smooth G-invariant and τ -invariant functions. We assume that f
is positive on M and the operator ϕ → ∆pϕ + a |ϕ|
p−2 ϕ is coercive on H.
We set N = p∗ − 1 and let q ∈ (p − 1, N).We assume that for all x in M
there exists v ∈ H, v 6= 0 such that
(8’) sup
t≥0
{J(tv)} <
CardO〈G,τ〉(x)
K(n, p)nf(x)
n−p
p
.
Then equation(1) possesses a nodal solution u ∈ C1,α(M) which is G-
invariant and τ -antisymmetric. Moreover, if we assume that the set ̥ of
fixed points of τ splits M into two domains Ω1and Ω2 stable under the action
of G, we can choose u such that the zero set of u is exactly ̥ ∪ ∂M .
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2.1. The subcritical case. Now, following the strategy originated by
Yamabe, we prove the existence of a nodal solution to the equation(1) for
the subcritical exponent.
Proposition 1. Let G be a compact subgroup of the isometry group of
(M,g), n ≥ 3, let τ be an involutive isometry of (M,g) such that G and τ
commute weakly and such that for some x1 ∈M τ(OG(x1)) ∩OG(x1) = φ.
Let also a, f and h be three smooth G-invariant and τ -invariant functions.
We assume that f is positive on M and that the operator ϕ → ∆pϕ + a
|ϕ|p−2 ϕ is coercive on H. We set N = p∗ − 1 , q ∈ (p − 1, N) and let ǫo be
such that 0 < ǫo ≤ N − q. Then for all ǫ such that 0 < ǫ ≤ ǫo there exists
ϕǫ ∈ C
1,α(M), G-invariant and τ -antisymmetric ϕǫ 6= 0 in M and ϕǫ = 0
on ∂M which is a nodal weak solution of the equation
(9) ∆pϕǫ + a |ϕǫ|
p−2 u = f |ϕǫ|
p∗−2−ǫ ϕǫ + h |ϕǫ|
q−2 ϕǫ.
Moreover, if we assume that the set ̥ of fixed points of τ splits M into two
domains Ω1 and Ω2 stable under the action of G, we can choose ϕǫ such
that its zero set is exactly ̥ ∪ ∂M .
The proof of the Proposition(1) relies on the following Mountain-Pass
Lemma of Ambrosetti and Rabinowitz([2])
Lemma 1. Let φ be a C1 function on a Banach space X. Suppose that
there exists a neighborhood U of 0 in X , a v ∈ X\U and a constant ρ such
that φ(0) < ρ, φ(v) < ρ and φ(u) ≥ ρ for all u ∈ ∂U . Let Γ denote the class
of continuous paths joining 0 to v and c = infγ∈Γmaxw∈γ φ(w).
Then there is a sequence (uj)j in X such that φ(uj)→ c and φ
′(uj)→ 0
in X∗ ( dual space of X).
We recall the following concepts
Definition 1. Let X be a Banach and φ a function of class C1 on X. We
say that un ∈ X is a Palais-Smale sequence at level c ( Shortly a (PS)c
sequence ), if
(i) φ(un)→ c
(ii) φ′(un)→ 0.
Definition 2. We say that φ satisfies the (PS)c condition if every (PS)c
sequence has a converging subsequence . We say that φ satisfies the (PS)
condition if it satisfies the (PS)c condition for all c ∈ R.
For any sufficiently small ǫ such that 0 < ǫ ≤ ǫo, we consider the
C1-functional Jǫ defined on the space H by
Jǫ(ϕ) =
∫
M
{
1
p
|∇ϕ|p +
1
p
a |ϕ|p −
1
p∗ − ǫ
f |ϕ|p
∗−ǫ −
1
q + 1
h |ϕ|q+1
}
dvg.
Following Brezis and Nirenberg ([3]), we show that the functional Jǫ satisfies
the assumptions of the Mountain-Pass Lemma, for every ǫ such that 0 <
ǫ ≤ ǫo.
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Lemma 2. For every ǫ such that 0 < ǫ ≤ ǫo, there exists a ball U of radius
independent of ǫ around 0 in H included in the unit ball, and a positive real
number ρ independent of ǫ such that
(i) ∀ ϕ ∈ U , Jǫ(ϕ) ≥ ρ > 0
(ii) ∃ψ /∈ U such that Jǫ(ψ) < ρ.
Proof. By the coercivity of the operator ϕ → ∆pϕ + a |ϕ|
p−2 ϕ, there
exists a positive real number Λ such that
Jǫ(ϕ) ≥
Λ
p
‖ϕ‖p1,p −
1
q + 1
‖h‖∞ ‖ϕ‖
q+1
q+1 −
1
p∗ − ǫ
‖f‖∞ ‖ϕ‖
p∗−ǫ
p∗−ǫ
and by the Sobolev’s inequality, that is for every η > 0
‖ϕ‖q+1q+1 ≤
[
(K(n, p)p + η) ‖∇ϕ‖pp +B ‖ϕ‖
p
p
] q+1
p
,
one has
Jǫ(ϕ) ≥ ‖ϕ‖
p
1,p
[
Λ
p
−
1
q + 1
‖h‖∞max((K(n, p)
p + η) , B)
q+1
p ‖ϕ‖q+1−p1,p
−
1
p∗ − ǫ
‖f‖∞max((K(n, p)
p + η) , B)
p∗−ǫ
p ‖ϕ‖p
∗−p−ǫ
1,p
]
and since q + 1 − p > 0 and p∗ − p − ǫ > 0, there is a ball U included in
the unit ball and a positive number ρ independent of ǫ with 0 < ǫ ≤ ǫo such
that for every u ∈ ∂U , Jǫ(ϕ) ≥ ρ.
For t > 0,
Jǫ(tϕ) ≤ t
p
{
1
p
‖∇ϕ‖pp +
1
p
‖a‖∞ ‖ϕ‖
p
p −
tq+1−p
q + 1
min
x∈M
h(x) ‖ϕ‖q+1q+1
−
tp
∗−p−ǫ
p∗ − ǫ
min
x∈M
f(x) ‖ϕ‖p
∗−ǫ
p∗−ǫ
}
so since p∗ − q − 1 > 0, there is a sufficiently large to such that if ψ = toϕ
then ψ /∈ U and Jǫ(ψ) < ρ for ε sufficiently small. 
Let P the class of continuous paths joining 0 to ψand let cǫ = infγ∈P maxw∈γ Jǫ(w).
Then by Lemma2 there exists a (PS)cǫ sequence in H.
Now we are going to show that each (PS) sequence satisfies the Palais-
Smale condition.
Lemma 3. Each Palais-Smale sequence for the functional Jǫ is bounded.
Proof. We argue by contradiction. Suppose that there exists a se-
quence
{
ϕj
}
such that Jǫ(ϕj) tends to a finite limit c, J
′
ǫ(ϕj) goes to zero
and ϕj to infinite in the W
1,p(M)-norm. More explicitly we have for each
ψ ∈W 1,p(M)∫
M
{
1
p
∣∣∇ϕj∣∣p + 1pa ∣∣ϕj∣∣p − 1p∗ − ǫf ∣∣ϕj∣∣p∗−ǫ − 1q + 1h ∣∣ϕj∣∣q+1
}
dvg → c
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and∫
M
∣∣∇ϕj∣∣p−2∇iϕj∇iψdvg + ∫
M
a
∣∣ϕj∣∣p−2 ϕjψdvg − ∫
M
f
∣∣ϕj∣∣p∗−2−ǫ ϕjψdvg
−
∫
M
h
∣∣ϕj∣∣q−1 ϕjψdvg → 0
so for any η > 0 there exists a positive integer N such that for every j ≥ N
one has∣∣∣∣∫
M
{
1
p
∣∣∇ϕj∣∣p + 1pa ∣∣ϕj∣∣p − 1p∗ − ǫf ∣∣ϕj∣∣p∗−ǫ − 1q + 1h ∣∣ϕj∣∣q+1
}
dvg − c
∣∣∣∣ ≤ η
and∣∣∣∣∫
M
∣∣∇ϕj∣∣p−2∇iϕj∇iψdvg + ∫
M
a
∣∣ϕj∣∣p−2 ϕjψdvg − ∫
M
f
∣∣ϕj∣∣p∗−2−ǫ ϕjψdvg
−
∫
M
h
∣∣ϕj∣∣q−1 ϕjψdvg∣∣∣∣ ≤ η
In the particular case where ψ = ϕj, we get∣∣∣∣∫
M
{
1
p
∣∣∇ϕj∣∣p + 1pa ∣∣ϕj∣∣p − 1p∗ − ǫf ∣∣ϕj∣∣p∗−ǫ − 1q + 1h ∣∣ϕj∣∣q+1
}
dvg − c
∣∣∣∣ ≤ η
and ∣∣∣∣∫
M
{∣∣∇ϕj∣∣p dvg + a ∣∣ϕj∣∣p dvg − f ∣∣ϕj∣∣p∗−ǫ} dvg
(10) −
∫
M
h
∣∣ϕj∣∣q+1 dvg∣∣∣∣ ≤ η.
Then, we obtain
(11)∣∣∣∣(1− pq + 1)
∫
M
(∣∣∇ϕj∣∣p + a |ϕ|pj) dvg + p( 1q + 1 − 1p∗ − ǫ)
∫
M
f
∣∣ϕj∣∣p∗−ǫ dvg − pc∣∣∣∣
≤ (1 +
1
q + 1
)pη
and
(12)
∣∣∣∣(1− pp∗ − ǫ)
∫
M
f
∣∣ϕj∣∣p∗−ǫ dvg + (1− pq + 1
∫
M
h
∣∣ϕj∣∣q+1 dvg − pc∣∣∣∣
≤ (1 + p)η.
Now, since f > 0, there is a constant C > 0 such that
C(1−
p
p∗ − ǫ
)
∫
M
∣∣ϕj∣∣p∗−ǫ dvg ≤ (1− pq + 1) ‖h‖∞
∫
M
∣∣ϕj∣∣q+1 dvg+pc+(1+p)η
where ‖h‖∞ = maxx∈M |h(x)|.
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On the other hand since p∗ − ǫ > q + 1, for any ν > 0, there exists a
constant C ′ν such that t
q+1 ≤ νtp
∗−ǫ + C ′ν for any t ≥ 0. So
C(1−
p
p∗ − ǫ
)
∫
M
∣∣ϕj∣∣p∗−ǫ dvg ≤ (1− pq + 1) ‖h‖∞
(
ν
∫
M
∣∣ϕj∣∣p∗−ǫ dvg + Cνvol(M))
+pc+ (1 + p)η
and [
C(1−
p
p∗ − ǫ
)− (1−
p
q + 1
) ‖h‖∞ ν
] ∫
M
∣∣ϕj∣∣p∗−ǫ dvg ≤ cste.
Choosing ν > 0 small enough so that C(1 − p
p∗−ǫ) − (1 −
p
q+1) ‖h‖∞ ν > 0
and get
(13)
∫
M
∣∣ϕj∣∣p∗−ǫ dvg ≤ cste.
By Lemma 2, we can choose ρ to be an W 1,p(M)- norm such that
inf
‖ϕ‖1,p=ρ
Jǫ(ϕ) > 0.
Letting ψj = ρ
ϕj
‖ϕj‖1,p
, we obtain from (13) that
(14)
∫
M
∣∣ψj∣∣p∗−ǫ dvg = O
 ρp∗−ǫ∥∥ϕj∥∥p∗−ǫ1,p

and by (11), we get∣∣∣∣(1− pq + 1)
∫
M
(∣∣∇ψj∣∣p + a ∣∣ψj∣∣p) dvg+
(15) p(
1
q + 1
−
1
p∗ − ǫ
)
∥∥ϕj∥∥p∗−ǫ−p1,p
ρp∗−ǫ
∫
M
f
∣∣ψj∣∣p∗−ǫ dvg − pc
∣∣∣∣∣∣
≤ (1 +
1
q + 1
)pη
Letting j go to infinity, we obtain that Jǫ(ψj) tends to zero. And since∥∥ψj∥∥1,p = ρ, we have
inf
‖ϕ‖1,p=ρ
Jǫ(ϕ) ≤ Jǫ(ψj)
so
inf
‖ϕ‖1,p=ρ
Jǫ(ϕ) ≤ 0
hence a contradiction. Then the sequence
{
ϕj
}
is bounded inW 1,p(M). Now
since q < p∗ − 1, the Sobolev injections are compact, so the Palais-Smale
condition is satisfied. 
Now we are in position to prove Proposition1.
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Proof. ( of Proposition1 ) Let C be the set of paths γ joining 0 and
ψ and cǫ = infγ∈C supt∈[0,1] γ(t). As a consequence of Lemma2, there exists
a sequence
{
ϕj
}
⊂ H such that Jǫ(ϕj)→ cǫ and J
′
ǫ(ϕj)→ 0 strongly in H
′.
By Lemma3, we can extract a subsequence still denoted
{
ϕj
}
such that
ϕj → ϕǫ weakly in H
ϕj → ϕǫ strongly in L
r for r < p∗
ϕj → ϕǫ a.e. in M .
Clearly ϕǫ is a weak solution of the equation
(16) ∆pϕǫ + a |ϕǫ|
p−2 ϕǫ − h |ϕǫ|
q−1 ϕǫ − f |ϕǫ|
p∗−2−ǫ ϕǫ = 0 in H.
Now, to use the results of regularity, we must show that ϕǫ satisfies the
equation(16) weakly inW 1,p(M). So we consider ψ ∈W 1,p(M) and the Haar
measure denoted by dσ on the isometric group G . Set ψ(x) =
∫
G
ψ(σ(x))dσ
for all x ∈ M , then ψ is G- invariant and it follows by multiplying the
equation(16) by ψ and integrating over M that∫
M
{
|∇ϕǫ|
p−2∇iϕǫ∇
iψ + a |ϕǫ|
p−2 ϕǫψ − h |ϕǫ|
q−1 ϕǫψ − f |ϕǫ|
p∗−2−ǫ ϕǫψ
}
= 0
but
∇
∫
G
ψ(σ(x))dσ =
∫
G
∇ψ(σ(x))dσ
then∫
M
{
|∇ϕǫ|
p−2∇iϕǫ∇
i
(∫
G
ψ(σ(x))dσ
)
+ a |ϕǫ|
p−2 ϕǫ
(∫
G
ψ(σ(x))dσ
)
−h |ϕǫ|
q−1 ϕǫ
(∫
G
ψ(σ(x))dσ
)
− f |ϕǫ|
p∗−2−ǫ ϕǫ
(∫
G
ψ(σ(x))dσ
)}
dvg
=
∫
M
∫
G
{
|∇ϕǫ|
p−2∇iϕǫ∇
iψ(σ(x)) + a |ϕǫ|
p−2 ϕǫψ(σ(x))
−h |ϕǫ|
q−1 ϕǫψ(σ(x)) − f |ϕǫ|
p∗−2−ǫ ϕǫψ(σ(x))
}
dσdvg = 0.
Now, by the Fubini’s theorem, we get∫
G
∫
M
{
|∇ϕǫ|
p−2∇iϕǫ∇
iψ(σ(x)) + a |ϕǫ|
p−2 ϕǫψ(σ(x))
−h |ϕǫ|
q−1 ϕǫψ(σ(x))− f |ϕǫ|
p∗−2−ǫ ϕǫψ(σ(x))
}
dvgdσ = 0
and since the functions a, h, f and ϕǫ are G- invariant, the integral over M
does not depend on σ ∈ G. Then∫
M
{
|∇ϕǫ|
p−2∇iϕǫ∇
iψ + a |ϕǫ|
p−2 ϕǫψ − h |ϕǫ|
q−1 ϕǫψ − f |ϕǫ|
p∗−2−ǫ ϕǫψ
}
dvg = 0
thus ϕǫ is a weak solution of the equation(16) in W
1,p(M).
By the regularity theorem (Theorem2) , ϕǫ ∈ C
1,α(M)∩W 1,p(M), con-
sequently ϕǫ |∂M= 0.
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Now we are going to construct by mean of ϕǫ a nodal solution of the
subcritical equation(16). The construction is the same as in ([5]). Define
ψǫ(x) =
{
|ϕǫ| in Ω1
− |ϕǫ| in Ω2
.
Since the set ̥ of fixed points of τ is negligible set, it follows that ψǫ ∈ H
and arguing as above, there is to > 0 such that Jǫ(toψǫ) < 0 for any ǫ ≤ ǫo.
Denote by C ′ the set of continuous paths joining 0 to ψo,ǫ = toψǫ and let
c′ǫ = inf
γ∈C′
max
t∈[0,1]
Jǫ(γ(t)).
For any positive integer m, there exists a path γm ∈ C such that
max
s∈[0,1]
Jǫ(γm(s)) ≤ cε +
1
m
.
We let as in ([5])
γm(s) =
{
− |γm(s)| in Ω1
|γm(s)| in Ω2
Clearly γm is a continuous path in the space H and let sm ∈ [0, 1] such that
Jǫ(γm(sm)) = max
s∈[0,1]
Jǫ(γm(s))
≤ cε +
1
m
.
Now by the deformation lemma, there exists a continuous map
ηm : [0, 1] ×H → H
such that
(i) ηm(t, γm(sm)) = γm(sm) for all t ∈ [0, 1]
and
γm(sm) /∈ J
−1
ǫ (
[
cǫ −
1
m
, cǫ +
1
m
]
(ii) 0 ≤ Jǫ(γm(sm))− Jǫ(ηm(t, γm(sm))) ≤
1
m
for all t ∈ [0, 1]
(iii) ‖ ηm(t, γm(sm))− γm(sm)‖ ≤
1
m
for all t ∈ [0, 1] .
(iv) If Jǫ(γm(sm)) ≤ cε +
1
m
then according to the deformation lemma either
Jǫ(ηm(1, γm(sm))) ≤ cε −
1
m
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or for some tm ∈ [0, 1] ∥∥J ′ǫ(ηm(tm, γm(sm)))∥∥ ≤ 1m .
Now since we have
Jǫ(γm(sm)) ≤ cε +
1
m
by (iv) we get
Jǫ(ηm(1, γm(sm))) ≤ cε −
1
m
.
Consequently since the path s → ηm(1, γm(s)) joins 0 to ψo,ǫ, we obtain
from the definition of cε that
Jǫ(γm(sm)) ≥ cε.
So the first part of (iv) cannot occur and then for some tm ∈ [0, 1]∥∥J ′ǫ(ηm(t, γm(sm)))∥∥ ≤ 1m .
Resuming, there exists tm ∈ [0, 1] such that
cǫ ≤ Jǫ(ηm(tm, γm(sm))) ≤ cǫ +
1
m
and letting
ϕm = ηm(tm, γm(sm))
we get a sequence of elements of H such that
Jǫ(ϕm)→ cǫ and J
′
ǫ(ϕm)→ 0 .
Then as in the beginning of the proof of the Proposition1, there is a sub-
sequence of the sequence (ϕm) still denoted (ϕm) which converges strongly
in Lp
∗−ǫ(M) to a weak solution ϕǫ of the subcritical equation. Now by (iii)
γm(sm) → ϕǫ strongly in L
p∗−ǫ(M) then the convergence is also pointwise
almost everywhere inM . Therefore ϕǫ ≥ 0 on Ω1 and ϕǫ ≤ 0 on Ω2. Choos-
ing a constant B such that the function h(x, r) = a(x) |r|p−1−f(x) |r|p
∗−1−
h(x) |r|q + B |r|p−1 ≥ 0 on M × R where |r| ≤ ‖ϕǫ‖L∞(M) we obtain that
∆pϕǫ+Bϕ
p−1
ǫ ≥ 0 in Ω1 and by the strong maximum principle( Theorem3)
we get that ϕǫ > 0 in Ω1, and also we have ϕǫ < 0 in Ω2. 
2.2. The critical case. Now we are going to show that the critical
equation(1) has a nodal solution. First we state
Proposition 2. Let G be a compact subgroup of the isometry group of
(M,g), n ≥ 3, let τ be an involutive isometry of (M,g) such that G and τ
commute weakly and such that for some x1 ∈M τ(OG(x1)) ∩OG(x1) = φ.
Let also a, f and h be three smooth G-invariant and τ -invariant func-
tions. We assume that f is positive on M and that the operator ϕ →
∆pϕ + a |ϕ|
p−2 ϕ is coercive on H. We set N = p∗ − 1 and q ∈ (p − 1, N).
Assume that the sequence (ϕǫ)ǫ of solutions of the subcritical equations(9)
admits a subsequence which converges in Lk(M), k > 1, to ψ 6= 0. Then
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there exists ϕ ∈ C1,α(M), G-invariant and τ -antisymmetric inM and ϕ = 0
on ∂M which is a nodal weak solution of the critical equation
∆pϕ+ a |ϕ|
p−2 ϕ = f |ϕ|p
∗−2 ϕ+ h |ϕ|q−2 ϕ.
Proof. We first show that the set (ϕǫ)ǫ, ǫ ≤ ǫo of solutions to the
subcritical equation(9) is bounded in W 1,p(M). Let J be the functional
defined on the Sobolev space W 1,p(M) by
J(ϕ) =
∫
M
{
1
p
|∇ϕ|p +
1
p
a |ϕ|p −
1
p∗
f |ϕ|p
∗
−
1
q + 1
h |ϕ|q+1
}
dvg,
c = infγ∈C maxt∈[0,1] J(γ(t)), where C denotes the set of paths γ joining 0
and ψ where ψ is the function given by Lemma1. With the same notations
as in the proof of Proposition1, we have
cǫ = Jǫ(ϕǫ) ≤ J(ϕǫ) +
1
p∗
∫
M
f
∣∣∣|ϕǫ|p∗−ǫ − |ϕǫ|p∗∣∣∣ dvg
≤ inf
u∈C
max
t∈[0,1]
J(u(t)) +
1
p∗
max
M
f
∫
M
∣∣∣|ϕǫ|p∗−ǫ − |ϕǫ|p∗∣∣∣ dvg.
So, since ϕǫ ∈ C,
cǫ ≤ c+
1
p∗
max
M
f max
t∈[0,1]
∫
M
tp
∗−ǫ
∣∣∣|ψ|p∗−ǫ − tǫ |ψ|p∗∣∣∣ dvg.
Then
lim
ǫ→0+
sup cǫ ≤ c
and the set (ϕǫ)ǫ is bounded. So there is a sequence (ϕn)n such that J
′(ϕn) =
0 and J(ϕn)→ c
′. By arguments as in the proof of Lemma3, it follows that
the sequence (ϕn)n is bounded in W
1,p(M) and we have
ϕn → ϕ weakly in W
1,p(M)
ϕn → ϕ strongly in L
r(M) for r < p∗
ϕn → ϕ pointwise a.e. in M .
Consequently |ϕn|
p∗−2 ϕn → |ϕ|
p∗−2 ϕ pointwise a.e. in M , and the
sequence |ϕn|
p∗−2 ϕn is bounded in
(
Lp
∗
)′
then by a well known theorem
|ϕn|
p∗−2 ϕn → |ϕ|
p∗−2 ϕ weakly in
(
Lp
∗
)′
. The same is also true for the
sequence
(
|ϕn|
q−1 ϕn
)
n
in
(
Lq+1
)′
and ϕ is weak solution of the critical equa-
tion(1). The remaining of the proof is the same as in the second part of the
proof of Proposition1. 
To show that the sequence (ϕǫ)ǫ of solutions of the subcritical equa-
tions(9) admits a subsequence which converges to ϕ 6= 0 in Lk(M), k > 1,
we state.
Lemma 4. Suppose that
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(i) every subsequence of a sequence (uǫ)ǫ in W
1,p(M) which converges
in Lk(M) , with k > 1, converges to 0 (ii) For all x ∈M , we can
find δ > 0 such that
(17)
K(n, p)p(f(x))
p
p∗ lim
ǫ→0+
sup
(∫
Bx(δ)∩(Bx(δ)−∂M)
f |uǫ|
p∗−ǫ dv(g)
) p∗−p
p∗
< 1.
where Bx(δ) is the ball centred at x and of radius δ. Then for any
x ∈M there is δ = δ(x) > 0 such that
lim
ǫ→0
sup
(∫
Bx(δ)∩(Bx(δ)−∂M)
f |uǫ|
p∗−ǫ dv(g)
)
= 0
Proof. Assume by contradiction that there is a xo ∈ M such that
for any δ > 0, lim supǫ→0+
(∫
Bxo (δ)∩(Bxo(δ)−∂M)
f |uǫ|
p∗−ǫ dvg
)
> 0. Using
Ho¨lder’s inequality, we get∫
Bxo (δ)∩(Bxo(δ)−∂M)
f |uǫ|
p∗−ǫ dvg ≤ C
(∫
Bxo (δ)∩(Bxo(δ)−∂M)
|uǫ|
p∗ dvg
)1− ǫ
p∗
where C is a constant independent of ǫ, and for any s > 1(∫
Bxo (δ)∩(Bxo(δ)−∂M)
|uǫ|
p∗ dvg
)1− ǫ
p∗
≤
(∫
Bxo (δ)∩(Bxo(δ)−∂M)
|uǫ|
n(s+p−1)
ns−p dvg
) (p∗−ǫ)(ns−p)
p∗(n(s+p−1))
×
(∫
Bxo (δ)∩(Bxo(δ)−∂M)
|uǫ|
n(s+p−1)
n−p dvg
) (p∗−ǫ)(n(p−1)+p)
p∗(n(s+p−1))
.
Consequently
lim
ǫ→0+
sup
∫
Bxo(δ)∩(Bxo(δ)−∂M)
|uǫ|
n(s+p−1)
ns−p dvg > 0
a contradiction with the fact that any subsequence of the sequence (uǫ)ǫ
which converges in Lk(M), for k > 1, converges to 0. 
Now we are in position to prove Theorem4.
Proof. ( Proof of Theorem4) We show that the condition(i) of Lemma4
does not occur under the condition(ii).
Suppose by absurd that the condition(i) holds then
lim
ǫ→0+
∫
M
h |uǫ|
q+1 dvg = 0.
According to Lemma4 for every x ∈M , there is δ(x) > 0 such that
lim
ǫ→0+
sup
∫
Bx(δ)∩(Bx(δ)−∂M)
f |uǫ|
p∗−ǫ dvg = 0.
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Now, since M is compact, there exist x1, ..., xs ∈ M such that M =
∪1≤i≤sBxi(δi(xi)).
Consequently
lim
ǫ→0+
sup cǫ = lim
ǫ→0+
supJǫ(uǫ)
= lim
ǫ→0+
sup
∫
M
(
q + 1− p
p(q + 1)
h |uǫ|
q+1 +
p∗ − p
p∗
f |uǫ|
p∗−ǫ
)
dvg = 0
which contradicts the fact that for any ǫ with 0 < ǫ ≤ ǫo, cǫ ≥ ρ > 0.
So there exists xo ∈M such that for any small δ > 0,
(18)
K(n, p)p(f(xo))
p
p∗ lim
ǫ→0+
sup
(∫
Bx(δ)∩(Bx(δ)−∂M)
f |uǫ|
p∗−ǫ dvg
) p∗−p
p∗
≥ 1.
This gives
lim
ǫ→0
sup cǫ ≥
p∗ − p
p∗
lim
ǫ→0
sup
∫
Bx(δ)∩(Bx(δ)−∂M)
f |uǫ|
p∗−ǫ dvg ≥
p
n
f(xo)
1−n
pK(n, p)−n.
Now if CardO〈G,τ〉(xo) = +∞ we let C > 0 be some given constant and
we choose δ > 0 such that
C lim
ǫ→0+
sup
∫
Bxo(δ)∩(Bxo (δ)−∂M)
f |uǫ|
p∗−ǫ dvg ≤ lim
ǫ→0+
sup cǫ.
Now by taking C such that
C > K(n, p)nf(xo)
p
p∗ lim
ǫ→0+
sup cǫ
we have
K(n, p)nf(xo)
p
p∗ lim
ǫ→0+
sup
∫
Bxo (δ)∩(Bxo (δ)−∂M)
f |uǫ|
p∗−ǫ dvg < 1.
Which contradicts(18).
If CardO〈G,τ〉(xo) < +∞ we choose δ > 0 small enough such that
CardO〈G,τ〉(xo) lim
ǫ→0+
sup
∫
Bxo (δ)∩(Bxo (δ)−∂M)
f |uǫ|
p∗−ǫ dvg ≤ lim
ǫ→0+
sup cǫ
and taking account of (18), we obtain
lim
ǫ→0+
sup cǫ ≥ K(n, p)
−nf(xo)
1−n
pCardO〈G,τ〉(xo)
and since by construction of the sequence (cǫ)ǫ,
c ≥ lim
ǫ→0+
sup cǫ
it follows that
c ≥ K(n, p)−nf(xo)
1−n
pCardO〈G,τ〉(xo).
But this contradicts the assumption (8’) of Theorem4. 
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3. Test functions
Let xo be a point at the interior of M such that f(xo) = maxx∈M f(x)
and OG(xo) ∩ τ(OG(xo)) = φ. Let ψη be the radial function defined by
ψxo,η =
{
f(xo)
p−n
p2 η
n−p
p2 (η + r
p
p−1 )1−
n
pC(n, p)− µ for 0 < r ≤ δ
0 for r > δ
where C(n, p) =
(
n(n−p
p−1 )
p−1
)n−p
p2 , µ = f(xo)
p−n
p2 η
n−p
p2 (η + δ
p
p−1 )
1−n
pC(n, p)
and δ, η are small positive numbers and r is the geodesic distance function
to the point xo. Suppose that OG(xo) = {x1, ..., xn} and denote
ψxo,η =
m∑
i=1
(
ψxi,η−ψτ(xi),η
)
.
We choose δ sufficiently small so that
supp(ψxi,η) ∩ supp(ψxj ,η) = φ if i 6= j
and
supp(ψxi,η) ∩ supp(ψτ(xj),η) = φ for any i 6= j.
Clearly ψxo,η is G-invariant and τ - antisymmetric.
At this stage, we are able to prove Theorem1
Proof. (Proof of Theorem1) Theorem1 will be proven if the condi-
tion(17) of Lemma4 holds and a fortiori if
0 < c <
p
n
(max
M
f)1−
n
pK(n, p)−nCardO〈G,τ〉(xo).
and by the definition of c it suffices to show that
I(tψxo,η) <
p
n
(max
M
f)
1−n
pK(n, p)−n CardO〈G,τ〉(xo).
Now since
I(ψxo,η) = cardO〈G,τ〉I(ψxo,η)
we have to show that
I(tψxo,η) <
p
n
(max
M
f)
1−n
pK(n, p)−n.
Put for simplicity
ψxo,η = ψη.
The goal here is to compute the expansion in η of I(tψη). Now, classical
computations of
∫
M
∣∣∇ψη∣∣p dvg give∫
M
∣∣∇ψη∣∣p dvg = C(n, p)p(n− pp− 1
)p
f(xo)
1−n
p ωn−1
p− 1
p
×
[∫ ∞
0
(1 + t)−ntn(1−
1
p
)dt− η
2
“
1− 1
p
”
Scal(xo)
6n
∫ ∞
0
(1 + t)−nt
(n+2)−
“
1− 1
p
”
dt
]
+o(η
2
“
1− 1
p
”
).
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We Use the following relations, for any real numbers p, q with p > q + 1
Iqp =
∫ ∞
0
(1 + t)−ptqdt =
Γ(q + 1)Γ(p − q − 1)
Γ(p)
where Γ denotes the Euler function. Such relations fulfill
I
(n+2)(1− 1
p
)
n =
Γ
(
(n+ 2)(1 − 1
p
) + 1
)
Γ(n−3p+2
p
)
Γ
(
n(1− 1
p
) + 1
)
Γ(n
p
− 1)
I
n(1− 1
p
)
n
= a(n, p)I
n(1− 1
p
)
n .
We write ∫
M
∣∣∇ψη∣∣p dvg = C(n, p)p(n− pp− 1
)p
f(xo)
1−n
p ωn−1
p− 1
p
(19) ×
(
1− η
2(1− 1p) Scal(xo)
6n
a(n, p)
)
I
n(1− 1
p
)
n + o(η
2
“
1− 1
p
”
).
Now, we compute
∫
M
a(x)ψpη, and get∫
M
a(x)ψpηdvg = η
p−1C(n, p)pa(xo)f(xo)
1−n
p ωn−1
∫ +∞
0
(1 + t
p
p−1 )p−ntn−1dt
+o(η
2(1− 1
p
)
)
=
p− 1
p
ηp−1C(n, p)pa(xo)f(xo)
1−n
p ωn−1I
n(1− 1
p
)−1
n−p + o(η
2(1− 1
p
)).
Taking into account the following equalities
I
n(1− 1
p
)−1
n−p =
Γ(n)Γ(n
p
− p)
n(1− 1
p
)Γ(n− p)Γ(n
p
− 1)
I
n(1− 1
p
)
n = b(n, p)I
n(1− 1
p
)
n
we obtain ∫
M
a(x)ψpηdvg =
(20)
p− 1
p
ηp−1C(n, p)pa(xo)f(xo)
1−n
p ωn−1b(n, p)I
n(1− 1
p
)
n
+o(η2(1−
1
p
)).
Finally we compute
∫
M
fψp
∗
η dvg and get∫
M
f(x)ψp
∗
η (x)dvg = C(n, p)
p∗f(xo)
1−n
p ωn−1
p− 1
p
[
I
n(1− 1
p
)−1
n
−η
2(1− 1
p
)
(
∆f(xo)
2nf(xo)
+
Scal(xo)
6n
)
I
(n+2)(1− 1
p
)−1
n + o
(
η
2(1− 1
p
)
)]
and since
I
(n+2)(1− 1
p
)−1
n =
Γ((n+ 2)(1 − 1
p
))Γ(n+2
p
− 2)
Γ(n(1− 1
p
))Γ(n
p
)
I
n(1− 1
p
)−1
n
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= c(n, p)I
n(1− 1
p
)−1
n
we can write∫
M
f(x)ψp
∗
η (x)dvg = C(n, p)
p∗f(xo)
1−n
p ωn−1
p− 1
p
I
n(1− 1
p
)−1
n
×
[
1− η
2(1− 1
p
)
(
∆f(xo)
2nf(xo)
+
Scal(xo)
6n
)
c(n, p) + o
(
η
2(1− 1
p
)
)]
.
Now letting in mind the equality
I
n(1− 1
p
)−1
n =
n− p
n (p− 1)
I
n(1− 1
p
)
n
we obtain∫
M
f(x)ψp
∗
η (x)dvg = C(n, p)
p∗f(xo)
1−n
p ωn−1
n− p
np
I
n(1− 1
p
)
n
(21) ×
[
1− η
2(1− 1
p
)
(
∆f(xo)
2nf(xo)
+
Scal(xo)
6n
)
c(n, p) + o
(
η
2(1− 1
p
)
)]
.
Also we have, for any real q such that n(p−1)+2p
n−p < q + 1 < p
∗∫
M
h(x)ψq+1η (x)dvg =
p− 1
p
C(n, p)q+1η
n−p
p2
(q+1)
f(xo)
p−n
p2
(q+1)
ωn−1
×
[
h(xo)η
(1−n
p
)(q+1)+n(1− 1
p
)
I
(n−1)(1− 1
p
)− 1
p
(n
p
−1)(q+1) −(
∆h(xo)
2n
+
h(xo)Scal(xo)
6n
)
η(1−
n
p
)(q+1)+(n+2)(1− 1
p
)I
n(1− 1
p
)+1
(n
p
−1)(q+1)
]
+
∫ δ
0
(η + r
p
p−1 )
(1−n
p
)(q+1)
rn+1dr.o(η
n−p
p2
(q+1)
) + o((η + r
p
p−1 )
n−p
p
=
p− 1
p
C(n, p)q+1η
n−p
p2
(q+1)+(1−n
p
)(q+1)+n(1− 1
p
)
f(xo)
p−n
p2
(q+1)
×ωn−1I
(n−1)(1− 1
p
)− 1
p
(n
p
−1)(q+1) [h(xo)−(
∆h(xo)
2n
+
h(xo)Scal(xo)
6n
)
η
2(1− 1
p
)
e(n, p, q)
]
+
∫ δ
0
(η + r
p
p−1 )
(1−n
p
)(q+1)
rn+1dr.o(η
n−p
p2
(q+1)
) + o((η + r
p
p−1 )
n−p
p
where e(n, p, q) is a constant.
Since q + 1 < p∗ = np
n−p , we have
n− p
p2
(q + 1) + (1−
n
p
)(q + 1) + n(1−
1
p
)
=
np− (n− p)(q + 1)
p
(1−
1
p
) > 0.
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We recall that the function u : x ∈ Rn → C(n, p)(1+ |x|
p
p−1 )
1−n
p realizes the
equality in the embedding Hp1 (R
n) ⊂ Lp(R
n) that is∫
Rn
|∇u|p dx = K(n, p)
−n
p
∫
Rn
|u|p
∗
dx
So from (19), (20) and (21), we get
I(tψη) =
(
tp −
p
p∗
tp
∗
)
C(n, p)pf(xo)
1−n
p ωn−1
(
n− p
p− 1
)p p− 1
p
I
n(1− 1
p
)
n
p
n
+F (t, n, p, η)
and taking account of
K(n, p)−n =
(
n− p
p− 1
)p p− 1
p
C(n, p)pωn−1I
n(1− 1
p
)
n
we obtain that
I(tψη) =
(
tp −
p
p∗
tp
∗
)
p
n
K(n, p)−nf(xo)
1−n
p + F (t, n, p, η) +H(t, n, p, η)
where
F (t, n, p, η) = tpa(n, p)
p − 1
p
C(n, p)p
(
n− p
p− 1
)p
f(xo)
1−n
p ωn−1I
n(1− 1
p
)
n
×
{
−
Scal(xo)
6n
η2(1−
1
p
) +
(
p− 1
n− p
)p
a(xo)
b(n, p)
a(n, p)
ηp−1
+tp
∗−pn− p
n
(
∆f(xo)
2nf(xo)
+
Scal(xo)
6n
)
c(n, p)
a(n, p)
η2(1−
1
p
)
+o
(
η
2(1− 1
p
)
)
+ o
(
ηp−1
)
and
H(t, n, p, η) = −(t, tq+1−pC(n, p)q+1−p
×η
n−p
p2
(q+1)+(1−n
p
)(q+1)+n(1− 1
p
)
f(xo)
p−n
p
(1− q+1
p
)
I
(n−1)(1− 1
p
)− 1
p
(n
p
−1)(q+1)
I
n(1− 1
p
)
n
×
[
h(xo)−
(
∆h(xo)
2n
+
h(xo)Scal(xo)
6n
)
η
2(1− 1
p
)
e(n, p, q)
]}
.
Let t1 ∈ [0, 1] such that I(t1ψη) = supt∈[0,1] I(tψη), ( t1 is necessarily > 0).
Since the function ϕ(t) = tp − p
p∗
tp
∗
attains its maximum on the interval
[0, 1] at to = 1, we get
Supt∈[0,1]I(tψη) < K(n, p)
−nf(xo)
1−n
p
p
n
(
n
n− p
)n
p
provided that F (t1, n, p, η) +H(t1, n, p, η) < 0. The assumptions h(xo) = 0
and ∆h(xo) ≤ 0 give us
H(t1, n, p, η) ≤ 0.
It remains now to show that F (t1, n, p, η) < 0.
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1) In the case 1 < p < 2, F (t1, n, p, η) is equivalent to
G(t1, n, p, η) =
= tp1a(n, p)
p− 1
p
C(n, p)pf(xo)
1−n
p ωn−1I
n(1− 1
p
)
n a(xo)
b(n, p)
a(n, p)
ηp−1
so we must have a(xo) < 0
2) In the case p = 2, we have
F (t1, n, 2, η) ≤ t
2
1
a(n, 2)
6n
C(n, 2)(n − 2)2f(xo)
1−n
2 ωn−1I
n
2
n
×
[
−Scal(xo) +
6n
(n− 2)2
a(xo)
b(n, 2)
a(n, 2)
+
n− 2
n
(
3
∆f(xo)
f(xo)
+ Scal(xo)
)
c(n, 2)
a(n, 2)
]
η
= t21
a(n, 2)
6n
C(n, 2)(n− 2)2f(xo)
1−n
2 ωn−1I
n
2
n
×
[
−Scal(xo) +
24(n − 1)
(n+ 2) (n− 2)
a(xo)
+
n− 2
n
(
3
∆f(xo)
f(xo)
+ Scal(xo)
)
(n− 4)n
(n+ 2) (n− 2)
]
η
and then the following condition must be satisfied
4(n − 1)
n− 2
a(xo) − Scal(xo) + (n− 4)
∆f(xo)
f(xo)
< 0.
3) In the case 2 < p < n2 , to get F (n, p, η) < 0, we have to assume that(
1−
n− p
n
c(n, p)
a(n, p)
)
Scal(xo) >
3 (n− p)
n
∆f(xo)
f(xo)
c(n, p)
a(n, p)
i.e.
∆f(xo)
f(xo)
<
p
n− 3p + 2
Scal(xo).

4. Nonexistence results
In this section we give, by mean of a Pohozaev type identity, a nonexis-
tence result.
Proposition 3. Let n ≥ 3 and Ω be a star-shaped smooth domain of Rn
with respect to the origin. Let p ∈ (1, n). Suppose that a ≥ 0, ∂ra ≥ 0,
∂rf ≤ 0 , h ≤ 0 , ∂rh ≤ 0 and at least one of these inequalities is strictly
then the critical equation(1) has no nodal solution.
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Proof. A Pohozaev type identity for the p-Laplacian due to Guedda
and Veron [7] reads as
n
∫
Ω
H(x, u)dx +
∫
Ω
〈x,∇xH(x, u)〉 dx+ (1−
n
p
)
∫
Ω
ug(x, u)dx
= (1−
1
p
)
∫
∂Ω
〈x, ν〉
∣∣∣∣∂u∂ν
∣∣∣∣ dσ
where
g(x, u) = −a(x) |u|p−2 u+ f(x) |u|p
∗−2 u+ h(x) |u|q−1 u
and
H(x, u) =
∫ u
0
g(x, s)ds.
ν is the unit outer normal vector field to ∂Ω. A direct computation leads to
the identity
−p
∫
Ω
a |u|p dx+
np− (q + 1)(n − p)
q + 1
∫
Ω
h |u|q+1 dx
−
∫
Ω
〈x,∇xa〉 |u|
p dx+
n− p
n
∫
Ω
〈x,∇xf〉 |u|
p∗ dx
+
p
q + 1
∫
Ω
〈x,∇xh〉 |u|
q+1 dx = (p − 1)
∫
∂Ω
〈x, ν〉 |∂νu| dσ
and letting r = |x|, we get
−p
∫
Ω
a |u|p dx+
np− (q + 1)(n − p)
q + 1
∫
Ω
h |u|q+1 dx
−
∫
Ω
r∂rh |u|
p dx+
n− p
n
∫
Ω
r∂rf |u|
p∗ dx
+
p
q + 1
∫
Ω
|u|q+1 r∂rhdx = (p − 1)
∫
∂Ω
〈x, ν〉 |∂νu| dσ
and the proof of the Proposition follows. 
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